On the negative spectrum of the 2 + 1 black hole 
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In (2+l)-dimensional gravity with negative cosmological constant, the states in the negative en- 
ergy range, between AdS (M = — 1) and the so-called BTZ black hole (M > 0), correspond to 
topological defects with angular deficit < a < 2ir. These defects are produced by (static or spin- 
ning) 0-branes which, in the extreme case Ml — —\J\, admit globally-defined covariantly constant 
spinors. Thus, these branes correspond to BPS solitons and are stable ground state candidates for 
the corresponding supersymmetric extension of 2+1 AdS gravity. These branes constitute external 
currents that couple in a gauge-invariant way to three-dimensional AdS gravity. 

PACS numbers: 04.70.Bw, 04.65+e, 04.60.Kz 



I. INTRODUCTION 

Gravity in 2+1 dimensions with negative cosmologi- 
cal constant is possibly the simplest realistic analogue of 
General Relativity. In spite of having no Newtonian at- 
traction, it gives rise to nontrivial black hole solutions 
that in many ways resemble astronomic black hole can- 
didates observed at many galactic nuclei For a com- 
prehensive review, see [2j. In an appropriate coordinate 
system, the metric 



ds z 



-fdr 2 



JT+P 2 ( NdT 



(1) 



where / 2 = — M 



- + and N = — describes 
a black hole with mass M and angular momentum J, 
provided M > \ J\l~ 1 > 0. For M = -1 (and J = 0) the 
spacetime is globally AdS and has no singularity. For 
the intermediate range > M > — 1, there is no horizon 
surrounding the singularity at the origin and therefore 
these solutions are naked singularities (NS). 

The purpose of this letter is to discuss the nature of 
the NS represented by the gap in the spectrum separat- 
ing the real black holes (M > 0) from the anti-de Sitter 
"vacuum" (M = — 1). Our observation is that these NS 
states are not completely unphysical, but correspond to 
topological defects produced by a 0-brane at r = 0. Black 
holes (M > 0) on the other hand, are not produced by 
matter sources coupled to gravity: there is nothing at 
r = 0. The black hole is a purely gravitational configura- 
tion without a matter source curving spacetime around 
it. 

The 0-branes couple to gravity in a gauge-invariant 
way, a feature that might be instrumental in setting up 
a perturbative scheme for quantization and that can be 
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generalized to higher dimensions. Moreover, these NS 
can also have nonvanishing angular momentum and, in 
the extreme case M = —\J\t~ 1 , the geometry admits one 
globally defined Killing spinor. These extremal 0-branes 
behave as solitons that saturate the Bogomolny'i bound 
-BPS states-, and are therefore possible stable vacua for 
2+1 supergravity. 

According to our present understanding of gravity, sin- 
gularities certainly form in gravitational collapse. What 
is not so certain is whether event horizons that protect 
outside observers from the singularity necessarily form 
as well. Since NS can break predictability and raise a 
number of conceptual puzzles [3] , it would be comforting 
if Penrose's cosmic censorship hypothesis were a theorem 
in classical GR. Numerical experiments, however, show 
that in a wide variety of collapse scenarios a horizon may 
not form at alL leaving a singularity exposed to an out- 
side observer (4J. The nature of these singularities and 
their potential as laboratories where quantum gravity ef- 
fects could be studied, make them interesting objects of 
analysis. 

Topological defects are examples of rather harmless NS 
produced by identification with a Killing vector field that 
leaves fixed points in a manifold. The singularity is a sub- 
manifold that concentrates a deficit angle, like the apex 
of a cone in a two-dimensional Euclidean plane with an 
angular identification [f| . A cone can be described locally 
as a plane in coordinates (a: 1 ,^ 2 ) = (r cos ^12, r sin (^12), 
where the radial coordinate takes values < r < 00, and 
the azimuthal angle 4>i2 has a deficit, < $12 < 27r(l— a). 
This topological defect is a naked singularity at the apex 
of a cone, r = 0, where the curvature is infinite, described 
by a (^-function. 

In these coordinates the metric has the standard flat 
form, ds 2 = dr 2 + r 2 c?0 2 2 , but the identification 0i2 ~ 
012 + 2-7r(l — a), with < a < 1, produces the singularity 
at r = 0. A standard azimuthal angle <j) of period 2-7T can 
be introduced by rescaling </>i 2 = (1 — a) (f>, making man- 
ifest the topological defect through a factor multiplying 
the angular sector of the metric. The resulting Riemann 
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curvature two-form in two dimensions is R 1 2 = du> 1 2 , 
where dui 1 2 = — d(f>i2- Then, as pointed out in the 
identity dd4>\2 = — 2na S (T12) dft 12 is valid in the sense 
of Stokes' theorem upon integration, and a curvature sin- 
gularity 



R 1 2 = 27ra<5(Ti 2 )dr>i2 



(2) 



is found at the origin, where (5(T 12 )(ir2 1 2 is the Dirac delta 
two-form with support at r = on the two-dimensional 
plane T12 (in polar coordinates). It can also be checked 
that the torsion tensor vanishes, thanks to the property 
of the Dirac distribution, rS(r) — 0. The result can be 
re- interpreted in terms of the identification by the Killing 
vector for rotational symmetry around the origin in the 
1-2 plane, 9^ 12 = xi<9 2 — x 2 di. The angular defect results 
from the identification x % ~ x % + £ l , 



cos 2na sin 2na 
— sin 2?ta cos 2ira 



(3) 



produced by the Killing vector field £ = £ l di — 
—2Trad r j )12 . Note that the strength of the curvature sin- 
gularity in the identified geometry equals the magnitude 
of the angular deficit, 27ra, times the two-form delta 
distribution, <5(Ti2)cZf2i2, which can be identified as the 
source of the conical singularity. This happens whenever 
a curvature singularity is the result of an identification 
by a spacelike Killing vector that leaves fixed points @ . 



II. DEFECTS IN 2+1 ADS GRAVITY 

Three-dimensional gravity with negative cosmological 
constant can be described by the CS Lagrangian for the 
so(2, 2) algebra, with connection 



A= ^ ab J ab + je a J a , 



(4) 



where J ab and J a are the generators of Lorentz rotations 
and AdS boosts. The corresponding AdS curvature is 
F = § (R ab + i e a e &) j ab+ 1 T a J a , where R a b = dcj a b + 



Lu a c uj c b and T a = De a = de a 



uj a b e are the Riemann 



curvature and the torsion 2- forms, respectively. 

A topological defect, analogous to the conical singular- 
ity described above, can also be produced in the global 
AdS geometry, through an identification by the Killing 
vector field £ = — 2ira (xi&2 — £2<9i), that leaves invari- 
ant the 1-2 plane of the three-dimensional AdS spacctimc. 
The fixed points of the Killing field become the support 
of a source. The resulting geometry has an angular defect 
of magnitude 2na and the metric reads Q 



ds 2 



¥ + 1 I dt 2 



dr 2 



1 



+ (1 -a) 2 r 2 d(t> 2 . (5) 



Here < <fr < 2tt is periodic; for a = the con- 
ical singularity at r = disappears and the geome- 
try becomes globally AdS. Direct computation confirms 



the curvature singularity at the origin of the (a; 1 ,^; 2 ) = 
(rcos(/>i2 ,rsin(/) 1 2) plane, and the AdS curvature is 

R ab + i e a e b = 2na6(T 12 )dn u J12 7? [12][afcl , (6) 

where r/[ 12 ][ ab l = r\ la r\ 2h '—rj lb ri 2a , and the torsion vanishes. 
From the Chern-Simons field equations, F = j, the 0- 
brane source at the defect can be read from the right 
hand side of Eq.©, 



j(x) = 2-nab (T 12 ) dVL 12 J\ 



(7) 



Note that the norm of the Killing vector ||£|| 2 = 
47r 2 a 2 r 2 is positive for r ^ 0. Hence, the identification 
takes place in the Euclidean (x , x 2 )-plane, and vanishes 
at the singularity. The time- like Killing vector <9 t = — \ 
(x§d% — x^dg), that commutes with £, is everywhere time- 



like, \\d t 



1 



< 0. 



This point source at rest at the origin of the spatial sec- 
tion looks suspiciously similar to a black hole: it is a local- 
ized, static, spherically symmetric, locally AdS geometry. 
Indeed, one can write the metric © in Schwartzschild- 
like coordinates by rescaling p = r (1 — a) and r = 
and 



ds 2 



f 2 



M dr 2 + 



dp 2 



B- - M 



+ P 2 d0 2 , (8) 



which looks like the black hole in 2 + 1 dimensions [l|. 
However, this is only an illusion because here the "mass" 
is negative: M = — (1 — a) 2 , which shows that this solu- 
tion is a naked singularity. This is correct, since branes 
are accessible (naked) singularities in spacetime and not 
protected by a horizon. In contrast with this 0-brane, 
the black hole (M > 0) results from an identification 
with a Killing vector, that does not have fixed points 
in the embedding space, R 2 ' 2 0. The BTZ manifold is 
topologically a cylinder and has no conical singularities, 
while the spacetime ([5]) is an orbifold. 

The geometry described above is static, but a spinning 
0-brane can also be obtained by identification with an 
appropriate Killing vector. The resulting stationary, ax- 
isymmetric spacetime is also described by ([T]) where / 2 
and iV have the same form as for the black hole but with 
AI < 0, and is again a naked singularity. This geome- 
try can be seen as the result of an identification gener- 
ated by two globally defined, independent Euclidean ro- 
tations in the embedding space. Consider the following 
parametrization of a pseudosphere in K 2,2 , 



c° = A(p) cos</>03 , x 1 = B(p) cos</> 
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„3 — 



A(p) sin 003 j x 2 = B(p) sm4> 12 , 



(9) 



where A 2 — B 2 = 
sen as A 



= ^/(p 2 +e 2 a 2 )/(a 2 



with A and B cho- 
and B = 



b 2 ) 



a/(P 2 +£ 2 b 2 )/(a 2 - b 2 ). If the angles in the 0-3 and 1-2 
planes have the form ^03 = b<p + and ^12 = a<j) + ^f, 
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the (real) parameters a and b can be related to the mass 
(M < 0) and angular momentum through 



a±b = 



(10) 



Thus, a 2 -b 2 = ^M 2 - £ > provided < | J\ < £ \M\, 
and the static 0-brane is recovered for 6 = 0. 

The spinning 0-brane results from a single identifica- 
tion in AdS space, (f> ~ <f> + 2ir, but it can also be seen as 
produced by two independent identifications (in different 
planes) in K 2 ' 2 , </>i 2 ~ </>i2 + 27raand </>03 — <j)03 + 2-nb, 
so that the corresponding angular deficits are a = 1 — a 
and b [8j. The Killing vector £ that produces the identi- 
fication x A ~ x A , turns out to be a linear combination 
of two independent isometries, £ — —2naJi2 + 2nb J03 
{Jab — xaOb ~ xbOa)- In R 2 ' 2 , the identifications along 
J12 and J03 lead to two conical singularities in the corre- 
sponding planes, 

dd(f)i2 = —2Tra8(Ti2) dD.12 , dd(j)03 = 2nb5(To 3 ) df2 3 . 

(11) 

In the covering AdS space, defined by the pseudosphere 
x ■ x = —£ 2 , these identifications correspond to the single 
identification cf> ~ </> + 27r which, in turn, implies dd(f> 7^ 0. 

The AdS curvature can be calculated working directly 
with the metric 



ds 2 



(B 12 - A' 2 ) dp 2 - A 2 d(b 2 3 + B 



12 



(12) 



The result is that the curvature has the form of the field 
equations F — j, where using the topological identities 
(fTTj) . one can read the source of this spinning 0-brane as 

j = 2nb G 03 5(T 03 ) dO 3 + 2™ G 12 5(T 12 ) rf0 12 , (13) 

with the two commuting generators 



a J 



bJoi 



h 2 



G12 = 



aJ 12 - bJ 23 
Va 2 - b 2 



(14) 



Note that this form of the current corresponds to two 
mutually commuting independent U(l) sources, corre- 
sponding to the Cartan subalgebra of the rank 2 AdS 
group 50(2,2). In the limit J = (or b = 0), the 
above expression reduces to the previous result, j = 
2wa5(Ti2) rfSli2 Ji2- 

The extremal spinning 0-brane has to be addressed 
separately because the transformation ([9]) is not defined 
when a = b (that is, for \M\£ — \J\). However, the 
Killing vector £ has a well-defined extremal limit given 
by 



1 



£ = 2 £ Jab 



2ira (J 03 - J12) - 2irJ 03 , (15) 



where the last term represents a rotation by 2tt and can 
be omitted, (see 0) 

From the point of view of the embedding flat space, 
two independent rotations in Euclidean planes given by 



two independent generators J03 an d J12 combine into 
only one generator, J Q3 — J\2- Thus, the Killng vec- 
tor changes its character, which can be seen from the 
corresponding Casimir invariants I\ — £ AB £ab and 
I 2 = £ ABCD S,ab £,cd, that are also continuous in this 
limit, but correspond to a different type in the classi- 
fication given in Ref. Q- From the continuity of the 
invariants, one can expect that there exists a Killing 
vector whose identification introduces a topological de- 
fect in the flat space that produces an extremal 0-branc. 
The explicit form of this Killing vector can also be found 
from the identification needed to turn the pseudosphere 
tjab x A x B — —£ 2 into the extreme black hole metric ([I]) 
with J = —j£M, where 7 = ±1, so that the lapse and 
shift functions in the metric take the form / = 7 



2p 

and N — -0f, respectively. In the "light-cone" coordi- 
nates u = <p+ v = (f>— ^f, the pseudosphere is locally 
parameterized as @, 

I ( cos aw sin cm \ ( (v + l jB + B^ 1 
2^/2 \ — sin aw cos aw J \ (v — 1)B — B~ x 

with (x , a; 2 ) similarly obtained as the rotation by au of 
-7|((« - 1)B + B-\ (v + l)B - B- 1 ), for any B. Note 
that the transformation now depends on the noncompact 
coordinate v, and 



ds 2 = 



fdB 2 



\ B 2 



— a 2 du 2 + a B 2 dudv 



(17) 



Since the metric does not depend on u, this coordinate 
can be compactified and the product au now plays the 
role of a conical angle < au — 4> c < 27r(l — a). The 
metric (fTT)) is equivalent to the one of the extremal 0- 
brane for the particular choice 



(18) 



and relating the defect to the negative mass, a - 

(M < 0) . Here u is the only light-cone coordinate that is 
made periodic upon identification au = cj) c ~ c +27r(l— 
a), whereas v is not identified and remains noncompact. 
Applying this identification to (fTB|) . we find the Killing 
vector that produces it, 



£ = 5x A 8a = 2na (J 03 — J12) = 2na d^, a 



(19) 



where we used that d r j >a = Da = J03 — J\2- The 
source is therefore given by j — 2ira5 (T12) (J03 — J12), 
as expected from the extremal limit. 

The extremal 0-branes coupled to the 2 + 1 AdS su- 
pergravity admit globally defined Killing spinors, defined 
by the condition Dtp — 0. As shown in Appendix [A1 the 
spinning 0-branes (M < 0) are BPS states for the ex- 
treme case only, J = —j£M: for each sign of the spin 
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M t 




Full BPS 



FIG. 1: Spectrum of the locally AdS 2+1 geometries (£ = 1). 
Region M > \J\ describes non-extremal BTZ black holes. 
The extremal configurations M = jj| > 0, M = J = and 
M + 1 = J = are 1/4, 1/2, and full BPS states, respectively. 
The configurations M < —\J\ are topological defects, and 
M = — | J| are extremal 1/4 BPS. 

(7 = ±1), there is one globally denned Killing spinor 
given by 

which is defined for p > 0. Thus, apart from the 
well-known BPS states provided by the AdS vacuum 
(M = —1), the extremal {Mi — \J\), and the mass- 
less 2+1 black holes also the extremal 0-branes are 
BPS states, which, like their positive mass counterparts, 
admit one Killing spinor, that is, 1/4 of the supersymme- 
tries admitted by the AdS vacuum. This BPS solution 
seems to have been unnoticed in previous studies [ill ]. 
The different BPS states are depicted in Fig. [1] 

III. SUMMARY AND COMMENTS 

1. Gcncrically, CS theories describe the dynamics of 
a (nonabelian) connection in an odd-dimensional space, 
which can be viewed as the worldvolumc of a 2p-branc. 
In fact, CS actions as well as their interactions with ex- 
ternal sources are structures of a similar nature [H, [lj| . 
The particular example of 0-branes discussed here are 
topological defects produced by an identification which- 
turn the 2+1 AdS manifold into an orbifold with a naked 
singularity. It is shown that the resulting geometry is a 
state in the negative part of the black hole's mass spec- 
trum. 

2. The lagrangian action for three-dimensional grav- 
ity with A < in the Chern-Simons representation is 
a metric-free, gauge invariant and generally covariant 
object. The coupling between gravity and an external 



source can be introduced through a minimal coupling of 
the form (jA), generalizing the one in electrodynamics, 
where the 2-form j takes values in the gauge algebra. The 
resulting field equations are F = j, where the current has 
the form j ~ q 5(T)dfl G, is exactly what is found for the 
static and spinning 0-branes, produced by angular defect, 
a naked singularity with "negative mass" . In the black 
hole case (M > 0), there is no source in the RHS of 
the field equations. In other words, black holes are not 
the result of coupling gravity to a material source sit- 
ting somewhere in spacetime; black holes are just exact 
solutions of the homogeneous AdS-Einstein equations. 

3. These NS define mathematically consistent cou- 
plings between 2 + 1 gravity and external currents pro- 
duced by point sources. Gauge invariance is partially 
broken by the presence of a source like (fTB")) . sitting at a 
fixed point in spacetime and pointing in a certain direc- 
tion, explicitly breaking AdS symmetry. Moreover, the 
current involves some generators of the AdS group and 
therefore it is not invariant under the action of the whole 
AdS gauge group, but only under a subgroup of it. Full 
gauge invariance of the theory would be restored if the 
current j becomes dynamical, that is, if the current was 
produced by a dynamical field which is also varied in the 
action, on the same footing as A. 

4. The fact that these 0-branes are NSs is not necessar- 
ily inconsistent. Moreover, it was shown that, if endowed 
with the right amount of angular momentum, they can be 
stable soliton-like objects that saturate the Bogomolny'i 
bound. The fact that these supcrsymmctric states have 
negative mass seems to contradict the common wisdom 
that supersymmetry implies positivity of the energy spec- 
trum. The point is that these are supersymmetric exten- 
sions of the AdS -and not of the Poincare- group. Indeed, 
the AdS vacuum has negative energy (M = — 1) and it is 
perfectly supersymmetric. 

5. The presence of S-like distributions in the spacetime 
manifold could be troublesome in General Relativity, es- 
pecially if they appear in the metric. In general, this 
is a problem because Einstein's equations involve prod- 
ucts and inverses of metric components, and such oper- 
ations are generically ill-defined in distribution theory. 
However, writing (2 + l)-dimensional gravity as a Chern- 
Simons theory circumvents this problem because all field 
equations only involve exterior products of forms (and no 
Hodge *-duals), which always give rise to sensible distri- 
butional products. 

6. A generalization to higher dimensions can proceed 
in two different directions. One is to introduce a spheri- 
cally symmetric topological defect in a S D ~ 2 , that is not 
obtained by identification with a Killing vector (except 
for D = 3). In this way, 0-branes in higher dimensional 
spaces are produced. Alternatively, if a Killing vector is 
used to produce identifications in a two-dimensional Eu- 
clidean plane in D > 5, introducing an angular deficit in 
S 1 only, (spinning) codimension 2 branes are obtained. 
These directions are discussed in the extended paper [|| . 

7. The topological defects discussed here could be the 
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result of an inhomogeneous collapse, as seen in 3 + 1 di- 
mensions [H). Since non-extremal defects are non-BPS, 
they are probably unstable. Non-extremal black holes 
can decay through Hawking radiation, but no continu- 
ous decay mechanism is readily available for the topo- 
logical defects and they may disappear through a violent 
explosion. It could also be the case that the states in the 
regions J > \M\£, J < -|M|£, and M < —1, are forbid- 
den by some general principle, and they might not form 
at all. 
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APPENDIX A: BPS O-BRANES IN 3D CS-ADS 
SUPERGRAVITY 



SUSY generators. The SUSY transformation of the grav- 
itino then takes the form 

5i>=De= (d+^u ab J ab + \e a J a j e. (A2) 

The spinorial representation of the AdS generators in 
terms of 7-matrices that satisfy the Clifford algebra 

{7a ,7b} = 2 ?7a6, IS 



Ju 
Jab 



la ■ 



[7a ,7b] 



■ £abc 7 j 



(A3) 
(A4) 



where the constant c = ±1 corresponds to two inequiv- 
alent irreducible representation of 7-matrices. We also 
use the identity [7a, 7b] = 2e a bcl c (here e 012 = +1). The 
Killing spinor equation then becomes 



D< = ( d+~£ abc u ab j c +Y i e a la ) < = 0. 



(A5) 



We are interested in the spinning 0-brane solutions 
(— 1 < M < 0, J 7^ 0) defined throughout spacetime 
surrounding the 0-brane (p ^ 0). The non- vanishing 
components of the vielbein e a and spin-connection ui ah 
are 



fdr, 



J 01 = ^dT + pNd<f). 



jdp, 

p (Ndr 



^ 2 = jd P ; 

LU 12 = -fd(f> 



(A6) 



BPS states are bosonic solutions of the field equations 
that are invariant under globally defined supersymmetry 
transformations. Here we show that the extremal 0-brane 
is a BPS state. The analysis carries over to other exam- 
ples in higher dimensions, with the appropriate super- 
goup in each case, but the arguments are essentially the 
same. The reason for this is that all CS supergravities 
[li], [l|[ are gauge theories for an essentially unique super- 
algebra that extends the AdS algebra in every dimension. 
Thus, in all cases, the supersymmetry transformation of 
the fermion (gravitini) takes the form 

Sip = De , 

where D is the covariant exterior derivative for the con- 
nection corresponding the the dimension in each case. 

For 3-dimcnsional Chern-Simons gravity, the minimal 
supersymmetric extension of the AdS group is OSp(2\l), 
and the connection (gauge field) is 



A = ^co ab J ab + j e a J a + . 



(Al) 



where Jab = {J a '■= Ja3, Jab} are the AdS generators 
satisfying [J A b, Jcd] = Vad Jbc-t/bd Jac-Vac Jbd + 
VbcJad with rjAB = (—,+,+,+,—), and Q a are the 



where f 2 = -M 



The radial component of the Killing spinor equation 
has the form 



D p e = 



e = 0. 



and its general solution is 

e = M[p)tp, 



(A7) 



(A8) 



where ip (r, <p) is an arbitrary spinor and M (p) is the in- 
vertible matrix 



M = e 

v(p) = 



cosh 77 — 71 sinh 77 , (A9) 



N(p') + -). (A10) 



dp' 

The other two components of the Killing equation are 

1 



D T e 



21 
c 
2 



U( P ) 
U(p) 



e = 
= 0, 



where we introduced the matrix 



C/ = c/ 7 o + 7 (ciN-1) 72. 



(All) 
(A12) 

(A13) 



6 



In terms of tp 
coordinates 



M. 1 e and introducing the light-cone XJ tp = is 



CT 

T 



CT 

T 



we have D u = d u and D v = d v — 
ential equations can be written as 



(A14) 
| U, and these differ- 



ed = , 



(*-| 



•M _1 [/.MU5 = 



(A15) 



It is clear that these equations will have non-trivial 
solutions in tp(v) if and only if Ai~ 1 U M. is independent 
of p. Moreover, the spinor ip must be a null eigenvector of 
A4~ 1 U A4, otherwise the solution of (|Al5j) could not be 
single- valued: a nonzero eigenvalue would not be periodic 
in the angle <p. The representation of 7-matrices is 70 — 
—ia-i , 71 = a\ and 72 = 173 and, therefore, the condition 
for the existence of a null eigenvector is 

det{M- 1 UM)=dctU=-M-Y = 0. (A16) 

Thus, we conclude that there is a non-trivial Killing 
spinor only if 



J = -c£M, 



(A17) 



that is, the solution is extremal, and in that case ip is 
a constant spinor. The explicit form of tp that satisfies 



-cei 



(A18) 



The lapse and shift functions in the extremal case are 
given by 



f= P_£M_ 
1 ~ I 2p ' 



N 



clM 

V"' 



(A19) 



from where we find that the matrix M. = e 71 is deter- 
mined by 



(A20) 



The condition that the spinor tp = M.~ 1 e be constant 
gives ei = y/J. Therefore, for each given sign of J (that 
fixes the representation c), there is one Killing spinor 



V7 



(A21) 



that asymptotically behaves as the Killing spinor for 
zero-mass BTZ black hole, (f) 1/2 [13]. 
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